We obtain the reduced CMB data {l A , R, z * } from WMAP9, WMAP9+BICEP2, Planck+WP and Planck+WP+BICEP2 for the ΛCDM and wCDM models with or without spatial curvature.
I. INTRODUCTION
Since the discovery of the cosmic acceleration expansion of the universe based on the distance measurement of type Ia Supernovae (SNe Ia) [1, 2] , its origin has become a hot topic in modern cosmology and theoretical physics. The cause to the observed cosmic acceleration is due to the so-called dark energy with negative pressure in general relativity framework, or the modification to general relativity at cosmic scales.
To study properties of dark energy, one may combine some mature probes, such as SNe Ia, the observational Hubble parameter (HUB), baryon acoustic oscillation (BAO) and cosmic microwave background (CMB) anisotropy. The SNe Ia, HUB and BAO probe the expansion of the universe at low and intermediate redshifts, while the CMB measurements probe the distance at high-redshift (especially the distance to the surface of last-scattering). The CMB data provide the strongest constraints on cosmological parameters [3] and help break the degeneracies among the dark energy and other cosmological parameters.
The reduced CMB data {l A , R, z * } provide an efficient summary of CMB information, of which l A is the angular scale of the sound horizon at recombination and determines the acoustic peak structure of the CMB angular power spectra, R is the scaled distance to the recombination and determines the amplitude of the acoustic peak and z * is the redshift at the last scattering surface. Instead of the full CMB spectra, the reduced CMB data relating the distance to the last scattering surface provide a fast and self-consistent approach for combining the CMB information with complementary cosmological data to constrain late-time cosmological parameters. The reduced CMB data are firstly derived in [4] from the three-year WMAP data for the ΛCDM model (with and without spatial curvature) and they find that dark energy density is consistent with a constant in cosmic time and a flat universe is allowed by using the reduced CMB data together with the SNe Ia and BAO data. Recently Wang and Wang [5] obtained the reduced CMB data from WMAP9 and Planck+WP+Lensing for the Ω k +ΛCDM model and found that the reduced CMB data derived from Planck+WP+Lensing are much tighter than those from WMAP9, but when combined with other low-redshift observational data, the reduced CMB data do not improve the constraints on the dark energy too much compared to those from WMAP9.
More recently, Shafer and Huterer [6] derived the reduced CMB data from WMAP9 and Planck+WP respectively for the flat wCDM model, when combining the reduced CMB data, BAO and 3 samples of SNe Ia data (Union2.1 [7] , SNLS3 [8] and PS1 [9] ) respectively, they found that there is a preference for the equation of state of dark energy w < −1 for the constraints with Planck but not with WMAP9. There are many works that use the reduced CMB data together with complementary cosmological data to constrain late-time cosmology [10] [11] [12] [13] .
There are two advantages of the reduced CMB data. First, the CMB shift parameters l A and R together with the decoupling redshift z * , extracted from the CMB angular power spectra, allow one to quickly evaluate the likelihood of various dark energy models, without the need to run a Markov Chain Monte Carlo exploration of the CMB likelihood which usually includes a number of astrophysical parameters to describe unresolved foreground components and other nuisance parameters. Second, it provides an efficient and appropriate summary of CMB data as far as dark energy constraints are concerned. Since l A determines the acoustic structure in CMB angular power spectra while R determines the overall amplitude of the acoustic peaks, they are nearly uncorrelated. Both R and l A can be used to further compress CMB information and combined with other measurements in a friendly user manner to constrain dark energy models.
On the other hand, the authors of [14] analyzed the likelihood of the reduced CMB data with WMAP3 data for the base ΛCDM model involving extra parameters, such as tensor modes and a running spectral index. They found that adding curvature or slightly modifying the dark energy parameters does not significantly change the values of {l A , R}, which, however, change large when more parameters like tensor modes or running of the scalar spectral index are involved.
The purposes of this work are to update constraints on the parameter combination {l A , R, z * } using newly released CMB temperature and polarization data for several cosmological models and to test their dependence on model assumptions. These updated reduced CMB data provide a simple and efficient method for combining in a friendly user manner the current CMB measurements with low redshift data. We first obtain the reduced CMB data from WMAP9 data [15] and Planck data [16] together with WMAP polarization data (WP), based on the ΛCDM model and wCDM model with a flat or curved space curvature, respectively. We also combine the newly released BICEP2 polarization data [17] to derive the reduced CMB data. Our goal is to see the differences among the data used when combine the reduced CMB data with the low redshift observational data to constrain different cosmological models.
The paper is organized as follows. In section II we present the reduced CMB data obtained from WMAP9, Planck+WP, Planck+WP+BICEP2 and WMAP9+BICEP2 based on different cosmological models, respectively. In section III we give the results of the combination of reduced CMB data and other data sets to constrain the different cosmological models. The conclusions are included in section IV.
II. REDUCED CMB DATA
The distance measurement is one of the most powerful methods to study the evolution history of the universe. In a Friedmann-Robertson-Walker universe, the comoving distance from an observer to redshift z is given by
where
(k is the spatial curvature constant) and sinn(x) = sin(x), x, sinh(x) for Ω k < 0, Ω k = 0, and Ω k > 0, respectively. The Hubble parameter is given by the Friedmann equation
for the ΛCDM model, where the redshift z is defined by (1 + z) = 1/a, and Ω r0 , Ω dm0
and Ω b0 are the present values of the fraction energy density for radiation, dark matter and baryon matter, respectively. The latter two are often written as the total matter density Ω m0 = Ω b0 +Ω dm0 . The radiation density is the sum of photons and relativistic neutrinos [15] :
where N ef f = 3.046 is the effective number of neutrino species in the Standard Model of particle physics [18] , and Ω
. For the wCDM model, the Hubble parameter is given by
where the evolving function F (z), depending on the equation of state of dark energy, is given by
It is noticed that here we have not assumed a flat universe model. As for a flat universe, the curvature terms disappear in equation (2) and equation (4) since Ω k = 0. There are four cases considered here, which are the ΛCDM model and the wCDM model with a flat and curved space curvature, respectively.
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Here D A (z) = r(z)/(1 + z) is the angular diameter distance and z * is the redshift at the last scattering surface [19] 
where These quantities can be used to constrain some cosmological parameters without need to use the full likelihoods of WMAP9 [15] or Planck data [16] .
Based on the original idea proposed in [4] , Hinshaw et al. [15] obtained constraints on the parameter combination {l A , R, z * } from WMAP9 data based on the wCDM model without assuming a flat universe. Wang and Wang [5] obtained the mean values and normalized covariance matrix of {l A , R, Ω b0 h 2 , n s } from WMAP9 and Planck+WP+Lensing data, respectively, based on the Ω k +ΛCDM model. Recently, Shafer and Huterer [6] derived the related results about {l A , R, z * } from WMAP9 and Planck+WP data, respectively, based on the flat wCDM model. In this section, following Wang and Wang [5] we obtain the Markov chains using the Markov Chain Monte Carlo sampler as implemented in the CosmoMC package [20] and then derive constraints on the parameter combination {l A , R, z * }. In our analysis, we focus on four cosmological models listed in Table 1 , based on the six-parameter model in the case of the flat ΛCDM model, described by where Θ s is the ratio of the sound horizon to the angular diameter distance at the photon decoupling, τ is the Thomson scattering optical depth due to reionization, A s is the amplitude of primordial curvature perturbations and n s is the scalar spectral index. The CMB data sets used in our analysis are listed in Table 1 . Here we emphasize that both the tensor-to-scalar ratio r and running of the scalar spectral index α s are allowed to vary if the BICEP2 B-mode polarization data are included, because the B-mode power spectrum from the BICEP2 experiment implies the detect of primordial gravitational wave at 7.0 σ ignoring foreground dust [17] and allowing the running of the scalar spectral index reconciles the tension with the Planck constraints on r [21] . It is argued in [22, 23] that given the uncertainties of the amplitude of the dust polarization at the BICEP2 frequency of 150
GHz one cannot say conclusively at present whether the B-modes detected by BICEP2 are due to gravity waves or just polarized dust. In [26] using genus statistics they find evidence for a detection of a gravity wave signal with r = 0.11 ± 0.04. Recently, Planck team releases polarization data from 100 to 353 GHz. Extrapolation of the Planck 353 GHz data to 150 GHz gives a dust power, which is the same magnitude as reported by BICEP2 [24] . However, if more than one dusty region is present along the line-of-sight, with even mildly different temperature and dust column density, but severely misaligned magnetic field, then the validity of such an extrapolation breaks down [25] .
The mean values, the standard deviations and their correlation matrix of {l A , R, z * } (or {l A , R, Ω b0 h 2 }) for four cosmological models by using different data are summarized in Table 2 to Table 5 , respectively. It is noticed that Wang and Wang [5] used Ω b0 h 2 instead of z * , which gives identical constraints by replacing Ω b0 h 2 with z * . Different from other cases in the third row of Table 1 , they also used Planck data together with Planck lensing.
From Table 2 to Table 5 , we see that the Planck data give tighter constraints on {l A , R, z * } than WMAP9 in the same cosmological model. Including the BICEP2 data does not change the results significantly but the standard deviations seem to be larger, this is because the running of the scalar spectral index for the power spectrum of scalar perturbations has been added when we use Planck+WP+BICEP2 to obtain constraints on {l A , R, z * }. We also notice that there is some tension between the WMAP9 data and Planck data constraining on {l A , R, z * }. For example, in Table 2 the constraints on R (z * ) are inconsistent at Moreover, the difference of values of the reduced CMB data derived from same data for different models is not significant. As stated in Ref. [14] , curvature or slightly modifying the dark energy parameters does not significantly change the values of {l A , R}. For example, from Table 2 and Table 3 we find that the WMAP9 data give values of {l A , R} = {301.95 ± 0.66, 1.7257 ± 0.0165} ({302.02 ± 0.66, 1.7327 ± 0.0164}) for the ΛCDM model without (with) spatial curvature which shows no significant difference.
III. COSMOLOGICAL PARAMETERS
In the previous section we have derived the reduced CMB data from WMAP9, Planck+WP, Planck+WP+BICEP2 and WMAP9+BICEP2 for the ΛCDM model and the wCDM model with and without space curvature, respectively. In this section, we focus on constraints on the cosmological parameters for the corresponding cosmological models from reduced CMB data in combination with the low-redshift observational data including the Union2.1 SNe Ia sample, Hubble parameter and BAO data, which are described in Appendix. The best-fitted values of Ω m0 and h for the ΛCDM model, Ω m0 , h and w for the wCDM model and their 68% confidence level (CL) errors are given by using the Markov Chain Monte Carlo analysis in the multidimensional parameter space in a Bayesian framework. The results are summarized in Table 6 to Table 9 , and their likelihoods are shown in Figure 1 to Figure 4 , respectively.
From Table 6 we see that in the context of the flat ΛCDM model, the combination of Planck data favors a relatively higher value of Ω m0 and a lower value of h compared to the combination of WMAP9 data. However, the reduced CMB data from Planck+WP do not lead to significantly improve the constraint on dark energy together with low-redshift observational data, compared to the reduced CMB data from WMAP9 even though the Planck measures all of the CMB distance parameters {l A , R, z * } more precisely, whose errors are 2 − 3 times smaller. This is because the Planck data appear to favor a higher value of Ω m0 and a lower value of H 0 in the standard six-parameter ΛCDM model, which are in tension with the magnitude-redshift relation for SNe Ia and recent direct measurements of H 0 [16] . The constraints with BICEP2 data suppress the value of Ω m0 and raise the value of h. The tendence seems to appear in all the cosmological models we are considering here.
These estimates of Ω m0 and h are consistent with each other within 1 σ CL, but are in tension with the results derived by Planck [16] .
As we can see from Table 7 Table 9 , but are consistent with a flat geometry within 1 σ CL.
We also use three sets of the reduced CMB data from Planck+WP+BICEP2 derived from flat ΛCDM, Ω k + ΛCDM and Ω k + wCDM, respectively together with the low-redshift observational data to constrain the Ω k + wCDM model. The purpose is to see whether the constraints on the cosmological parameters are sensitive to the choice of the reduced CMB data derived from different cosmological models. Their likelihoods are shown in Figure 5 .
It is shown that the likelihoods in the three cases are almost the same for each cosmological parameter, which means that the constraints on the cosmological parameters are not sensitive to the choice of the reduced CMB data derived from different cosmological models. Table 9 : Constraints with 1 σ errors on Ω m0 , h, w and Ω k for the Ω k +wCDM model from SNe Ia, HUB, BAO and reduced CMB data.
IV. CONCLUSIONS
The reduced CMB data provide an efficient summary of CMB information, and can be used to constrain cosmological parameters instead of the full CMB power spectra. We have obtained the reduced CMB data from WMAP9 data and Planck date based on the ΛCDM model and wCDM model with a flat or curved space curvature, respectively. We have also used the newly released BICEP2 B-mode polarization data together with the WMAP9 and Planck data to derive the reduced CMB data. We have found that the Planck data give tighter constraints on {l A , R, z * } than WMAP9 in the same cosmological model. While including the BICEP2 data, the standard deviations seem to be larger because of additional free parameters, the tensor-to-scalar ratio and running of the scalar spectral index.
We have combined these reduced CMB data with low-redshift observational data to constrain the cosmological parameters for the ΛCDM model and the wCDM model. The reduced CMB data from Planck+WP do not lead to significant improvement to the constraint on dark energy together with low-redshift observational data, compared to the reduced CMB 
Appendices

A. Type Ia Supernovae
In this work, we take the Union2.1 compilation [7] , which contains 580 SNe Ia data over the redshift range 0.015 ≤ z ≤ 1.414. The chisquare is defined as
where µ obs (z) is the measured distance modulus from the data and µ th (z) is the theoretical distance modulus, defined as
The luminosity distance is
where r(z) is the comoving distance defined in equation (1) . The nuisance parameter µ 0 can be eliminated by expanding χ 2 with respect to µ 0 as [34] :
The χ 2 SN has a minimum asχ
In this way the nuisance parameter µ 0 is removed. This technique is equivalent to performing a uniform marginalization over µ 0 [34] . We will adoptχ 2 SN as the goodness of fitting instead of χ 2 SN .
B. Observational Hubble parameter (HUB)
In this paper we use 19 observational Hubble data over the redshift range: 0.07 ≤ z ≤ 2.3, which contain 11 observational Hubble data obtained from the differential ages of passively evolving galaxies [27, 32] , and 8 H(z) data at eight different redshifts obtained from the differential spectroscropic evolution of early type galaxies as a function of redshift [33] . The chisqure is defined as
where H th (z) and H obs (z) are the theoretical and observed values of Hubble parameter, and σ H denotes the error of observed data.
C. Baryon Acoustic Oscillation (BAO)
Baryon Acoustic Oscillation provides an efficient method for measuring the expansion history of the universe by using features in the cluster of galaxies with large scale survey.
Here we use the results from the following five BAO surveys: the 6dF Galaxy Survey, SDSS DR7, SDSS DR9, WiggleZ measurements and the radial BAO measurement.
6dF Galaxy Survey
The 6dFGS BAO detection can constrain the distance-redshift relation at z ef f = 0.106 [38] . it gives a measurement of the distance ratio
where r s (z d ) is the comoving sound horizon at the baryon drag epoch when baryons became dynamically decoupled from photons. The redshift z d is well approximated by [39] 
The effective "volume" distance D V is a combination of the angular-diameter distance D A (z) and the Hubble parameter H(z),
The χ 
SDSS DR7
The joint analysis of the 2-degree Field Galaxy Redshift Survey data and the Sloan Digital Sky Survey Data Release 7 data gives the distance ratio at z = 0.2 and z = 0.35 [40] : 
The SDSS DR7 and SDSS DR7 reanalysis results are based on the same survey and the latter gives a higher precision than the former, we therefore take the SDSS DR7 reanalysis data instead of the first one. The χ 
SDSS DR9
The SDSS DR9 measurement gives the distance ratio at z = 0.57 [43] : 
The chisquare here is defined as 
The WiggleZ measurements
The WiggleZ team measures the acoustic parameter by encoding some shape information on the power spectrum [44] :
The baryon acoustic peaks measured at redshifts z = 0. 
The corresponding chisquare is defined as 
and its inverse covariance matrix is 
Radial BAO
The radial (line-of-sight) baryon acoustic scale can also be measured by using the SDSS data. It is independent from the BAO measurements described above.The measured quantity is △ z (z) = H(z)r s (z d ),
whose values are given by [45] as 
D. Reduced CMB data
The chisquare for the reduced CMB data is defined by 
and C is the related covariance matrix.
